In this paper we introduce a new continuous dynamic controller for a class of nonlinear systems which includes mechanical system models with a bristle model for nonlinear friction e ects. We obtain su cient conditions for global stabilization using an estimate for bristle defection and present experimental results illustrating the bene ts of our dynamic controller in the regulation of a high speed linear positioning table.
Introduction
Using model-based friction compensation in low velocity high precision tracking control can e ectively reduce steady state error 3] without the need for excessive integral gains. Coulomb friction, viscous and static friction, and the Stribeck e ect have been modelled successfully (c.f. 3, 4, 10] ). In 1] friction in a lubricated journal bearing is both measured and estimated using a friction observer. System performance substantially improved when the friction estimate was used and the estimated nonlinear friction was found to be consistent with the measurements of the actual friction forces. Generally the overall performance of a model-based friction compensation technique improves with a more complete friction model 3].
In 5] Canudas de Wit, Olsson, Astr om, and Lischinsky present a new dynamic friction model which captures dynamics friction e ects (the Dahl e ect, frictional memory, stick-slip motion) as well as steady state friction e ects, including the Stribeck e ect. They use a state variable bristle model, the Lund-Grenoble (LuGre) model, to describe the friction between two sliding surfaces. The bristle de ection cannot be measured directly so they design a nonlinear friction observer. Theorem 1 of 5] shows that, when a PD controller is chosen so that the transfer function relating the position error to the friction estimation error is strictly positive real (SPR), the tracking and observation errors tend to zero. This results in high accuracy position control, but the rate of convergence and robustness of the controller are both adversely a ected by the limitations on the pole locations of the compensated system which are imposed by the requirement that the error transfer function be strictly positive real (SPR) 5]. In 11] Vedagarbha, Dawson, and Feemster design Controller/Observers for mechanical systems which utilize the LuGre nonlinear friction model but need not be (SPR). For a class of mechanical systems they develop several observers, including an exponentially stable observer and, in addition, present adaptive controllers which yield asymptotic position tracking while compensating for certain parameter uncertainties.
In this paper we introduce a new Lyapunov-based continuous dynamic controller for a more general class of nonlinear systems than is considered in 5] or 11]. This class does include servo motors with friction e ects modelled via the nonlinear LuGre friction model considered in 5], 11]. For this system the restrictions on the pole locations of the compensated system found in 5] are not needed. Our reduced order observer is, in some sense, a generalization of the exponentially stable observer developed in 11], and for the mechanical systems studied in 11] also yield convergence of state and bristle defection estimation errors to zero at an exponential rate. Our controller is used in the control of a high speed precision linear tracking table and the experimental comparisons between our controller, that of 5], and a tuned PID controller without direct nonlinear friction compensation are presented.
Problem Statement
In 5] the interface between two surfaces is modeled by contact between sets of bristles. In particular, if z represents the average bristle de ection, v the velocity between the two surfaces, and F the force due to friction, then _ z = v ? jvj g(v) z; (1) 
This Lund- We also suppose that it is possible to design a full state feedback controller u nom (x; z) which regulates the output x such that any solution of the closed-loop system x(t) = (x(t); z(t)) is bounded, and x(t) goes to zero. This is expressed by assumption A2 below via the existence of some Lyapunov function. Assumption A2 lets us conclude that x is bounded and goes to zero via the standard Lyapunov \second" theorem. It is closely related to assumption A2 of 9] but is weaker in the sense that here V (x) need only be a proper function of x, while in 9] V (x; z) must be a proper function of x and z. We also note that A2 of 9] does not hold for our servo system model incorporating nonlinear friction. Assumption A3 : There exist a constant positive de nite n n matrix Q and an n k matrix K(x; z) smoothly depending on (x; z) such that, for any (x; z),
in the sense of symmetric matrices.
We note that Assumption A3 holds if, for some positive de nite` m atrix Q 2 , Q 2 A 2 (x; u nom (x; z)) + A 2 (x; u nom (x; z)) T Q 2 0:
In this case a lower order observer results, but a weaker version of (6) x is not used.
Using this notation we propose , as in 9], the dynamic controller is bounded and x(t) ! 0.
To prove the above Theorem the reader is referred to the proofs in 9]
and the observation that in our case z andz are bounded as a consequence of assumption A1 and hence b z is bounded a priori.
Reduced order controller
The following theorem is, in some sense, a generalization of the exponentially stable observer introduced in 11] for servo-motor control. where the average bristle de ection z is related to the friction F by
The positive bounded function g describes the Stribeck e ect and is modelled 
Note that the observer proposed in 5] has the form of (18) . The response to a ramp input is displayed in Figure 2 . The nonlinear model does a good job in modelling the sticking of the platform when the armature voltage is small. The system's response to a decreasing input are illustrated in Figure 3 . Here the \sticking" of the platform at lower voltages is successfully captured by our nonlinear model, whose prediction for position is accurate to within 10%.
The error in the linear model prediction is almost 100% at t = 1s and increases steadily thereafter. These experiments clearly show that, for our apparatus, the more complicated LuGre model for friction proposed in 5] is far superior to the linear friction model.
Lund-Grenoble Dynamic Feedback Controller
In Increasing the proportional gain decreases the response time but results in high frequency vibration which is probably a consequence of the high gain feedback stimulating unmodelled dynamics. Of course there will be cases where the error transfer function is not strictly positive real but nonetheless this controller functions well. In our experiments we found that signi cantly reducing the damping K 2 destabilized the control algorithm. In this context our new dynamic feedback controller (17) allows the use of any feedback gains which place poles in the left-half complex plane.
New Dynamic Feedback Controller
We rst use our controller (17) to track a 10 cm step and compare its performance with that of the Lund-Grenoble controller. We then try to track a cosine curve using our new controller and also a PID controller tuned to perform this task.
To track the step function we used a proportional gain of k 1 = 600 and a derivative gain of k 2 = 50. Since we can use any feedback gains which place poles in the left-half complex plane we are able to choose a small derivative gain and place the second order poles at ?10 10i for a damping ratio of approximately 0:7. Of course we don't known z exactly and thus we have a nonlinear system which, strictly speaking, does not have poles, but, in the case whereẑ = z, we have linear dynamics for x and can talk about the system's poles. The performance of our new controller was compared to that of the Lund-Grenoble controller. For these experiments the constants h; l, and of equation (18) were assigned values of h = 5, l = 0:05, and = 0 : These seemed to result in a reasonable compromise between the rates of convergence of the tracking and bristle estimation errors. Figure 4 shows the response of our system tracking a 10 cm step using the dynamic controller (18) . From Figure 4 we see that both controllers performed well in this experiment, but our new controller was able to respond more quickly because we can employ a more modest level of damping. Next we tuned a PID controller to make our platform track a cosine curve. As above we choose proportional and derivative gains to place the systems poles at ?10 10i and then experiment with various integral gains k. With k = 0 we found signi cant steady state error as well as saturation of the control initially. With k = 500 the steady state error attenuated too slowly. With k = 1000 we achieved reasonable performance (see Figure 5 ). With k set to 4000 we experiences excessive overshoot and saturation of the control at both +24 and ?24 volts (see Figure 5 ).
On the other hand our dynamic controller (18) did an excellent job in regulating the path of the platform as can be seen in Figure 6 . Note that after the target trajectory is reached almost no tracking error occurs at the times of peak platform acceleration. In Figure 7 we compare the performance of the tuned PID controller with our controller and note that both controllers use similar levels of control voltage. While the design of adaptive controllers is beyond the scope of this work, we did nd that the performance of our controller-observer was relatively una ected by moderately large (30%) deviations in our friction parameter estimates, except for overestimation of the parameters F c and F s . Adaptive controller design was beyond the scope of this investigation, but it may well be possible to generalize the approach used in 11] to construct adaptive controllers which yield asymptotic position tracking while compensating for certain parameter uncertainties. We note that in 11] uncertainties in F c and F s are not compensated for directly.
